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We propose a method for quantum state transfer in spin chains using an adiabatic passage tech-
nique. Modifying even and odd nearest-neighbor couplings in time allows to achieve transfer fidelities
arbitrarily close to one, without the need for a precise control of coupling strengths and timing. We
study in detail transfer by adiabatic passage in a spin-1 chain governed by a generalized Heisenberg
Hamiltonian. We consider optimization of the transfer process applying optimal control techniques.




Reliable quantum communication between distant nodes
in a quantum network is of uttermost importance for
quantum computation and information [1]. For relatively
short distances, since the pioneering works of S. Bose [2]
and V. Subrahmanyam [3] spin chains are considered to
be good candidates to perform this task. However, due to
dispersion in the free evolution, the fidelity of the trans-
mission through such a chain decreases as the number of
spins is increased. This problem was first circumvented
through local engineering of the (nearest-neighbor) cou-
plings in the chain to obtain a perfect channel [4]. Since
then, many schemes (typically relying on chains or lad-
ders of spin-1/2s) have been proposed to maximize trans-
fer fidelity and practicability. In most of these proposals,
no temporal control of the couplings inside the chain is
necessary. However, usually it is inevitable to control the
first and the last coupling in order to start the transport
after initializing the first spin and to receive the state at
the other side. Especially the control of the last coupling
often is crucial to retrieve the state with maximal fidelity.
Here we study quantum state transfer in one-dimensional
(1D) spin-1 systems, requiring a (limited) temporal con-
trol of all the couplings in the chain. We focus on
the most general isotropic spin-1 Hamiltonians (the so-
called bilinear–biquadratic Heisenberg model). Its rich
phase diagram, which includes several paradigmatic anti–
ferromagnetic phases of strongly correlated many–body
systems, has been intensively studied for the last two
decades. Still properties of ground states and low excita-
tions are under debate in certain regions. Recently, this
type of Hamiltonians has attracted a renewed interest be-
cause their clean realization is possible by loading spin-1
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atoms (e.g., 87Rb or 23Na) into a deep 1D optical lat-
tice [5, 6]. Quantum state transfer in spin-1 chains gov-
erned by the bilinear–biquadratic Hamiltonian has been
studied in [7] throughout the whole phase diagram for
unmodulated constant couplings. In this case, two re-
gions giving rise to particularly high transport fidelity
have been identified.
The scheme we propose here uses adiabatic passage tech-
niques to obtain arbitrarily perfect state transfer [19]. It
requires the ability to modify even and odd couplings in
the chain independently. Such a control can be realized
for atoms confined in an optical lattice via super-lattice
techniques. By choosing the duration of the process long
enough, the scheme allows to increase the transport fi-
delity arbitrarily close to one, without the need for a pre-
cise control of the couplings. As the transfer scheme uses
adiabatic passage techniques, it is inevitably slow as com-
pared to the speed of propagation of a low excitation in
the system with all couplings active and identical (as are
schemes using local engineering of couplings or working in
the perturbative regime). We will however demonstrate
that optimal control techniques allow to significantly re-
duce the duration of the transport process. Though the
adiabatic passage technique is applicable in a larger part
of the phase diagram of the bilinear–biquadratic Heisen-
berg chain, here we will focus on the (anti–ferromagnetic)
dimerized region, which already with unmodulated cou-
plings provides a particularly high transport fidelity. The
dimerized region is furthermore accessible with Sodium
atoms in optical lattices [5].
The paper is organized as follows: In Section II we in-
troduce the spin-1 Hamiltonian with bilinear-biquadratic
nearest-neighbor couplings. In Section III we provide a
description of the transfer scheme and discuss in detail
its performance. In Section IV we consider optimization
via optimal control techniques. A realist implementation
of the proposed scheme in a system of ultracold atoms
confined in a deep optical lattice is discussed in Section
V. Finally, we conclude in Section VI.
2II. GENERALIZED HEISENBERG
HAMILTONIAN
We consider a one-dimensional chain of N spin-1s, cou-
















Here, J i denotes the vector of spin-1 operators for site
i and α ≥ 0 fixes the coupling strength. The first term
in Hˆbb is the usual linear Heisenberg interaction. The
second, quadratic, Heisenberg term does not appear in
spin-1/2 systems, as in this case any power of (J iJ j)
can be expressed as a combination of a constant and a
linear term. The properties of Hˆbb often become more
intuitive if it is expressed in terms of two-site operators
P
(ij)











Here λ0 = −2 cosθ + 4 sin θ, λ1 = − cos θ + sin θ, and
λ2 = cos θ + sin θ [5]. Note that is always possible to
set the smallest λi to zero by adding a multiple of the
identity to Hˆbb.
Properties of this spin-1 Hamiltonian, Eq. (1), espe-
cially of its ground-states, have been extensively stud-
ied [5, 6, 8, 9]. It is the interplay between the linear
and quadratic coupling which gives rise to a rich man-
ifold of ground states. The ground state is ferromag-
netic for 12π < θ <
5
4π and anti-ferromagnetic other-
wise. Here we concentrate on the fully dimerized phase,
θ = −π/2. To better understand its properties, let
us start by considering a system of only two coupled
sites. Since for θ = −π/2 the two-site Hamiltonian
takes (after a constant shift) the simple form Hˆ
(i,i+1)
bb =
−Pˆ (i,i+1)0 , the energy is minimized by a singlet state
|s〉12 = (|1〉1| − 1〉2 + | − 1〉1|1〉2 − |0〉1|0〉2) /
√
3. Here
we denoted the three eigenstates of Jˆz as | ± 1〉, |0〉. For
more than two sites, such a configuration cannot be re-
peated on neighboring bonds. Still, for an even number
of sites and open boundary conditions, a good caricature
of the ground state is given by a dimer (or valence bond)
state, which has a singlet on each second bond. Let us
stress however, that though we restrict to θ = −π/2, the
scheme we present here works in a larger region of the
phase diagram.
III. TRANSFER SCHEME
We present here a method to achieve arbitrarily perfect
transport of a state between the outermost sites of a finite
chain. We assume an odd number of sites N = 2n + 1









i.e., we introduce the parameter x ∈ [−1, 1] to be able
to adjust the ratio between even and odd couplings. For
x = 1 (x = −1) only even (odd) couplings are non-zero.
Realization of such a Hamiltonian for ultracold atoms
(as, e.g., 23Na) confined in an optical lattice is discussed
in Sec. V.
Let us start by analyzing in detail a system of N = 3
sites. Setting initially x = 1, only the coupling between
sites 2 and 3 is turned on, while the first site is decou-
pled. The (degenerate) ground state then consists of an
arbitrarily oriented spin at site 1 and the two other spins
paired into a singlet. Thus
|ψ0x=1(φ)〉 = |φ〉1|s〉23. (4)
On the other hand, if x = −1, only the first two spins are
coupled. In the ground state they then form a singlet,
while the last spin is in an arbitrary state |φ′〉:
|ψ0x=−1(φ′)〉 = |s〉12|φ′〉3. (5)
We will now show that |ψ0x=1(φ)〉 and |ψ0x=−1(φ)〉 are
connected via an adiabatic path as x is changed contin-
uously from 1 to −1. Then, a protocol to transfer an
arbitrary state |φ〉 between the two spins at the end of
the chain can be constructed as follows: (i) at t = tstart
choose x = 1 and prepare the system in its ground state,
with the first spin initialized to the state |φ〉 to be trans-
ported: |ψ(t = tstart)〉 = |ψ0x=1(φ)〉; (ii) change x to reach
x = −1 at t = tfinal. If the total duration of the process
T = tfinal−tstart is long enough to have a sufficiently slow
change of x, then according to the adiabatic theorem [10]
the system remains in the same band of instantaneous
eigenstates, and |ψ(t = tfinal)〉 ≈ |ψ0x=−1(φ)〉. Note that
a precise timing for decoupling and/or reading out the
final spin after the transport is not crucial here (as it is
for transport schemes using fixed couplings [2, 3, 4]), as
the coupling of the last spin is adiabatically set to zero.
We take |φ〉 = |φ′〉 = |1〉 and denote |L〉 ≡
|1〉1|s〉23, |R〉 ≡ |s〉12|1〉3. Observing P (12)0 |L〉 = |R〉/3,
we find that Hˆbb(x) only acts in the subspace spanned by












(|L〉 − |R〉)}. (6)



















FIG. 1: Excited state population p+ obtained from Eq. (13)
as a function of the duration T of the process.
Corresponding eigenvectors are





|+〉x = sin ξ(x)
2
|b1〉 − cos ξ(x)
2
|b2〉, (9)
with tan ξ(x) = 2
√
2x. The energy eigenvalues are
ǫ∓ = ∓α
√
1 + 8x2/6. We have |−〉x→1 = |L〉 and
|−〉x→−1 = |R〉. As due to the adiabatic theorem the
system remains in the same band of instantaneous eigen-
states when the parameter x is changed slowly from +1
to −1, population can be transferred from |L〉 to |R〉
through adiabatic passage.
A characterization of the adiabatic regime necessary to
obtain transport with high fidelity is provided by the
condition [11]
T ≫ maxx |c(x)|
minx∆(x)
. (10)
Here it is assumed that x is changed at a constant rate,
i.e., dx/dt = 2T−1, and T then is the total duration of
the process. Furthermore,







is the coupling from |−〉x to |+〉x, and
∆(x) ≡ ǫ+ − ǫ− = α
3
√
1 + 8x2 (12)
is the energy difference of the two levels. Using Eqns.
(11) and (12) we obtain T ≫ 3√2/α. In this limit, first
order perturbation theory allows to obtain an estimation
of the final population p+ of |+〉 due to the non-adiabatic
















The excited state population p+ is plotted in Fig. 1 as a
function of the total process duration.
We can immediately generalize this scheme for a larger
chain with an odd number of spins. For x = 1, only even

















FIG. 2: The populations pi(t) = i〈1|ρi(t)|1〉i for a chain of
5 sites as a function of time, changing x from 1 to −1 at
constant rate.
couplings are turned on. Then the ground state consists
of a decoupled spin at site i = 1, and all other spins are
paired into singlets:
|ψ0x=1(φ)〉 = |φ〉|s〉2,3 . . . |s〉2i,2i+1 . . . |s〉2n,2n+1. (14)
On the other hand, if x = −1, such that only odd cou-
pling are active, then the ground state has again n pairs
of singlets, now with the last spin decoupled:
|ψ0x=−1(φ′)〉 = |s〉1,2 . . . |s〉2i−1,2i . . . |s〉2n−1,2n|φ′〉. (15)
The magnetization M = 〈∑i Ji〉 of |ψ0x=−1〉 and |ψ0x=+1〉
is completely fixed by the first and the last spin, respec-
tively, as the rest of the chain is non-magnetized. Also,
the magnetization is conserved under the rotationally in-
variant set of Hamiltonians Hˆbb(x), and moreover it can
be shown that for any −1 ≤ x ≤ 1 the ground state
is unique for a given magnetization Mz [8]. In a finite
system, it is furthermore separated by a gap from the
first excited state. We can thus apply the same protocol
as for N = 3 for transporting an unknown state of the
first spin to the last one. An example of the population
transfer via adiabatic passage is depicted in Fig. 2 for a
chain of 5 sites. The first spin is initialized to |φ〉 = |1〉.
Populations of |1〉 for site i, pi(t) = i〈1|ρi|1〉i (ρi is the
reduced density matrix of site i), are shown as a func-
tion of time as x is changed linearly from 1 to −1 in a
time interval T = 80α−1 (~ = 1). As expected, a signifi-
cant increase of the population of |1〉 is only present for
odd sites. For perfect adiabatic evolution, we should find
pi(t) = pN−i(T−t). The deviations (wiggles for t > T/2)
stem from non-adiabatic transitions.
Let us discuss the conditions required to be in the













together with ||Pˆ i,i+10 || = 1, c(x) can be bound from
above as c(x) ≤ (N − 1)/∆(x). The minimal gap


















FIG. 3: Logarithmic plot of the error ǫ = 1 − F = 1 −
N 〈1|ρN (t)|1〉N versus velocity T/(N − 1) for various lengths
of the chain (θ = −π/2). The couplings are changed linearly:
x(t) = (T − 2t)/T . Time evolution has been performed using
matrix product state algorithms [14].
minx∆(x) is more difficult to estimate, though for N odd
and θ = −π/2 it is know from the equivalence of Hˆbb(x =
0) to an XXZ model, that in the thermodynamic limit,
i.e., N → ∞, the gap vanishes: limN→∞∆min = 0 [13].
For small chains, we find that the minx∆(x) decreases
approximately linear in 1/N . Then the minimal value
T necessary for being in the adiabatic regime grows ap-
proximately with the third power of the number of sites.
The error of the transfer process is given by ǫ = 1 − F ,
with F = N 〈1|ρN (T )|1〉N being the transfer fidelity. In
Fig. 3, the error ǫ is plotted for different durations of
the process and for chains of various lengths. Clearly,
ǫ decreases as the transfer process is made slower. The
maximal velocity T/(N − 1) permitted for state transfer
with fixed maximal error decreases as N is increased.
IV. OPTIMIZATION OF THE TRANSFER
FIDELITIY
For the Hamiltonian considered here, the decrease of the
transfer velocity as the number of sites is increased can-
not be avoided, since the gap to the first excited state
closes for N → ∞. For small chains (N ≤ 11) we have
performed an exact diagonalization of Hˆbb(x) to obtain
c(x) and ∆(x). Figs. 4 (a,b) show typical values of c(x)
and ∆(x) for the coupling of the ground state to the
first excited state (both with the same total spin). The
gap ∆(x) decreases approximately linear for |x| varying
from 1 to 0, while c(x) is well described by a Lorentzian.
Clearly, both are sharply peaked at x = 0. This suggest
to use optimal control techniques to increase the (mean)
transfer velocity by adapting the change of the spin-spin
couplings, i.e., dx(t)/dt, to the instantaneous energy dif-
ference ∆(x) and coupling c(x). In [12], a method has
been developed to obtain an optimized path x = xopt(t)





























FIG. 4: (a) Coupling c(x) and (b) gap ∆(x) to the first
excited state as a function of the parameter x for θ = −π/2
and N = 7 sites. (c) The optimized path x = xopt(t) from
the curves of (a,b).



















FIG. 5: Error ǫ = 1−F versus (mean) velocity T/(N−1) for
various lengths of the chain, θ = −π/2. An optimized path
x = xopt(t) (see Fig. 4) is used to changed the coupling in
time.
An example of such a path is plotted in Fig. 4 (c). The de-
pendence of the fidelity on the mean velocity T/(N − 1)
if such an optimized path is used, is plotted in Fig. 5.
As compared to the results displayed Fig. 3 for a linear
change of x in time, the error for a given velocity is typi-
cally more than one magnitude smaller for the optimized
path.
V. EXPERIMENTAL IMPLEMENTATION
Let us finally discuss the implementation of the bilinear–
biquadratic Heisenberg Hamiltonian and the realization
of the spatial–temporal control of the couplings. We con-
sider atoms with spin F = 1 (i.e., atoms with an 2F +1-
dimensional hyperfine degree of freedom) at low tempera-
tures confined in a deep (1D) optical lattice. The system




















i − 2nˆi). (17)
Here aˆi,σ annihilates a particle in a hyperfine state with




i,σaˆi,σ is the number of




i,σT σσ′ aˆi,σ′ is the (total) spin
operator on site i (T being the usual spin-1 matrices).
The tunneling amplitude t is obtained from the overlap
of the Wannier functions w(x) [15]. Tunneling conserves
both, the total spin S and the total spin projection mS .
The parameters c0 = (g0+2g2)/3 and c2 = (g2−g0)/3 de-
pend on the effective 1D interaction strengths in the spin
S channel, gS. Those proportional to the spin-dependent
scattering lengths aS . Note that channels with odd total
spin are forbidden due to the bosonic character of the
particles.
The ratio |t/c0| between tunneling and on-site interac-
tions is tuneable via the lattice parameters (lattice depth
and orthogonal confinement). For t ≪ c0 the system is
in a Mott-insulating state with atoms being quenched at
fixed lattice sites. Here we will only consider the case
of having a single particle per lattice site [6], and as-
sume tunneling to be sufficiently weak compared to on-
site interactions, such that it can be treated perturba-
tively with t/c0 as small parameter. Then, the following
effective spin-spin Hamiltonian can be obtained in second





















Here the ratio c˜2 = c2/c0 has been defined. This Hamil-
tonian is equivalent to the one of Eq. (1). For 23Na,
the bare values of the scattering lengths are very simi-
lar: a0 = 46aB, a2 = 52aB [16]. Then c˜2 ≈ 0.04 and
θ ≈ −0.74π. However, through auxiliary lasers it is pos-
sible to modify the system such that the complete anti-
ferromagnetic part of the phase diagram can be reached
[17].
Let us now move to the realization of the adiabatic pas-
sage. The necessary spatial-temporal variation of the
couplings can be realized by two pairs of laser beams of
wavelengths λ and λ/2, respectively, and identical polar-
izations, counter-propagating in x direction (additional
optical potentials in y- and z-direction are necessary to
confine the atoms in 3D). The trapping potential in x-
direction seen by the atoms then is proportional to the
square of the electric field. Thus
Vlat(x, t) ∝ Ihalf(t) cos2(2πx/(λ/2))+
Ifull(t) cos
2(2πx/λ+ φfull(t)), (19)
FIG. 6: Sketch of the optical superlattice potentials obtained
from varying the laser intensities Ihalf and Ifull to obtain the
required control over the couplings. (a) Ifull/Ihalf > 0, φfull =
π/2; (b) Ifull/Ihalf = 0, φfull = π/2; (c) Ifull/Ihalf > 0, φfull =
0.
where Ihalf and Ifull are the corresponding laser intensi-
ties. We have introduced an additional phase shift φfull
for the laser of wavelength λ. The effective spin-spin-
coupling is proportional to t2, see Eq. (18), which in turn
has an exponential dependence on the height of the po-
tential between adjacent sites. Setting only Ihalf > 0
(and Ifull = 0), a lattice (with a distance of λ/4 between
adjacent sites) is defined with all couplings being equal.
We assume this lattice to be loaded with a single particle
per site in the ground state. Setting φfull = π/2, then
Ifull is increased to strongly reduce the coupling between
each second pair of sites. At the same time, Ihalf has to
be adjusted to keep the tunneling between the other sites
in a regime where the effective Hamiltonian (18) is valid.
This provides the initial situation for the transport pro-
cess, c.f. Fig. 6 (a). After preparation of the first spin,
Ifull is decreased to zero (adjusting properly also Ihalf ;
see Fig. 6 (b)), and φfull is set to zero. Then increasing
Ifull again allows to turn off selectively only the other
subset of spin-spin-couplings, see Fig. 6. This procedure
realizes the change of the Hamiltonian necessary for the
adiabatic passage transfer process.
VI. CONCLUSIONS
In this article we have presented a scheme to transfer a
quantum state through a spin chain using an adiabatic
passage technique. The most remarkable features of this
scheme are the following. First, the transfer fidelity can
be made arbitrarily close to one by increasing the transfer
time. Second, as long as the change of the couplings is
adiabatic, the transport fidelity does not depend on the
exact path x(t) in parameter space. There is thus no
need of a precise control of couplings and timing. Third,
in contrast to other transfer schemes in spin chains, there
is no need for a receiver, meaning that once the transfer
has been accomplished the system remains frozen.
6We have applied this method to a spin-1 chain in the anti-
ferromagnetic dimerized phase. Using standard optimal
control techniques, we have shown that the transfer ve-
locity can be substantially increased if an optimized path
in parameter space is chosen. We have proposed a real-
istic experimental implementation of adiabatic passage
transfer using ultracold atoms and optical superlattices.
In the spin-1 dimerized phase, the transfer velocity is
limited by the fact that for a chain with an odd number
of sites the gap vanishes as N →∞. Identifying a system
with similar characteristics but with a gap that persists
in the thermodynamic limit would allow for finite transfer
velocities regardless the size of the chain.
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